Abstract -Motivated by single-molecule experiments on synaptic membrane protein domains, we use a stochastic lattice model to study protein reaction and diffusion processes in crowded membranes. We find that the stochastic reaction-diffusion dynamics of synaptic proteins provide a simple physical mechanism for collective fluctuations in synaptic domains, the molecular turnover observed at synaptic domains, key features of the single-molecule trajectories observed for synaptic proteins, and spatially inhomogeneous protein lifetimes at the cell membrane. Our results suggest that central aspects of the single-molecule and collective dynamics observed for membrane protein domains can be understood in terms of stochastic reaction-diffusion processes at the cell membrane.
Introduction. -A variety of essential biological functions of cell membranes rely on the organization of membrane proteins into membrane protein domains [1] [2] [3] [4] . Superresolution light microscopy [5] [6] [7] of membrane protein domains has shown that molecular diffusion can yield rapid stochastic turnover of individual membrane proteins, with complicated diffusion trajectories arising from molecular crowding and interactions between different protein species. A biologically important example of membrane protein domains is provided by synaptic domains [8, 9] , which are crucial for signal transmission across chemical synapses. Synaptic domains are crowded with synaptic receptor and scaffold molecules, and mediate synaptic signaling via transient binding of synaptic receptors to neurotransmitter molecules released from the presynaptic terminal. The strength of the transmitted signal depends on the number of receptors localized in synaptic domains [10, 11] , and regulation of the receptor number in synaptic domains is one mechanism for postsynaptic plasticity [12] [13] [14] .
Synaptic domains of a well-defined characteristic size can persist over months or even longer periods of time [15, 16] . However, receptor [5, 17, 18] as well as scaffold [19] [20] [21] molecules have been observed [14, 22] to turn over rapidly, with individual molecules leaving and entering synaptic domains on typical timescales as short as seconds. Experiments [21, [23] [24] [25] [26] [27] [28] [29] [30] and theoretical modeling [30, 31] have shown that the reaction and diffusion properties of synaptic receptors and their associated scaffold molecules are sufficient for the spontaneous formation of synaptic domains, and that self-assembly of synaptic domains of the observed characteristic size can be understood in terms of a reaction-diffusion (Turing) instability [32] . Experiments [22, 33] and theoretical modeling [34] [35] [36] [37] [38] also suggest that synaptic domains undergo collective fluctuations that may affect synaptic signaling. It is largely unknown how the rapid stochastic dynamics of individual synaptic receptors and scaffolds [11, 17, 18, [25] [26] [27] [28] relate [8, 9, 22, 33] to the observed collective properties of synaptic domains.
In this letter we show that key features of the observed stochastic dynamics of synaptic domains can be understood in terms of a simple stochastic lattice model of receptor and scaffold reaction-diffusion processes at the membrane [30, 31] , and thereby demonstrate emergence of synaptic domains in the presence of rapid stochastic turnover of individual molecules. Our stochastic lattice model yields excellent agreement with mean-field models [30, 31, [39] [40] [41] [42] [43] of nonlinear diffusion in crowded membranes, but we find substantial discrepancies between mean-field and stochastic models for the reaction dynamics at synaptic domains. Kinetic Monte Carlo (KMC) simulations of our stochastic lattice model yield, in agreement with previous experiments and mean-field calculations [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] , spontaneous formation of synaptic domains, and demonstrate that the molecular noise in- duced by the underlying reaction and diffusion dynamics of synaptic receptors and scaffolds can produce collective fluctuations in synaptic domains [22, 33] . We show that, based on the reaction and diffusion properties of synaptic receptors and scaffolds suggested by previous experiments and mean-field calculations [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] , our stochastic lattice model can yield the molecular turnover observed at synaptic domains [5, 11, 21] , predicts singlemolecule trajectories consistent with experimental observations [5, 11, 17, 18, 22, [25] [26] [27] [28] , and provides a simple physical mechanism for spatially inhomogeneous receptor and scaffold lifetimes at the membrane [38, 44, 45] . Thus, our stochastic lattice model links the molecular noise inherent in receptor-scaffold reaction-diffusion dynamics to collective fluctuations in synaptic domains and allows prediction of the stochastic dynamics of individual synaptic receptors and scaffolds, which cannot be achieved via existing mean-field models [30, 31] . While we focus here on synaptic domains as a model system, our main results are of broad applicability [1] [2] [3] [4] [5] to the stochastic single-molecule dynamics of membrane protein domains.
Reaction-diffusion dynamics. -Membrane protein domains are characterized [1-5, 8, 9, 11, 17, 18, 22, 33] by low protein copy numbers (≈ 10-1000) while also providing highly crowded environments for reaction-diffusion processes to occur. We employ [30, 31, [39] [40] [41] [42] [43] [46] [47] [48] [49] a stochastic lattice model of synaptic domains in which we divide the cell membrane into equal-sized patches (lattice sites) with reaction processes only occurring between receptors (R) and scaffolds (S) occupying the same membrane patch. For the sake of conceptual and computational simplicity, we focus here on the most straightforward scenario of a 1D system of length L with periodic boundary conditions and K patches of size a = L/K, and allow receptors and scaffolds to hop randomly to nearestneighbor patches with hopping rates 1/τ α , where α = r, s for receptors and scaffolds, respectively. We find that, consistent with previous work on stochastic reaction-diffusion models in population biology [41] , this 1D formulation of the stochastic reaction-diffusion dynamics at synaptic domains [30, 31] already captures the basic phenomenology of the observed fluctuations at synaptic domains. Indeed, the 2D formulation of our model [30, 31] shows similar stochastic dynamics of synaptic domains as the 1D formulation we focus on here [50] . While not essential for capturing the basic phenomenology of fluctuations at synaptic domains, a 2D formulation would be required to make more detailed and quantitative comparisons with experimental results, which necessarily pertain to 2D systems.
Cell membranes provide highly crowded and heterogeneous molecular environments, which can strongly affect protein reaction kinetics and give rise to anomalous diffusion of membrane proteins [51, 52] . Based on previous work [30, 31, [39] [40] [41] [42] [43] on reaction and diffusion processes in crowded environments, we use here a phenomenological model of crowding and assume that the rates of reaction The physically relevant values of the normalization constant are coupled to the patch size a and the size of the molecules under consideration, with decreasing with increasing a and decreasing molecule size. We employ identical normalization constants for receptors and scaffolds, but distinct could be used for receptors and scaffolds to provide a more detailed model of molecule number in synaptic domains. Our stochastic lattice model is defined mathematically by its master equation (ME) [53, 54] ,
where P (N, t) is the probability of the lattice occupancy
is the transition rate from N to N + m, and m is the array of jumps in receptor and scaffold lattice occupancies.
The transition rate W = W react + W diff in eq. (1), where W react and W diff denote contributions to W due to receptor and scaffold reaction and diffusion processes at the membrane. We have
are the transition rates for hopping from site i to sites i ± 1: 
where R (l)
i encapsulates the properties of the specific reaction under consideration. For concreteness, we focus here on synaptic domains formed by glycine receptors and gephyrin scaffolds [8, 9, 22, 33] . As explained in detail elsewhere [30, 31] , the experimental phenomenology of glycine receptors and gephyrin scaffolds [5, 11, 17, 18] suggests the reaction kinetics and values of the dimensionless rate constants summarized in table 1, which we also used for the calculations described here. Key experimental features of the reaction-diffusion dynamics of glycine receptors and p-2 Stochastic dynamics of synaptic membrane protein domains (4) and (5) [30, 31] . Chemical reactions are expressed in terms of R and S, which denote receptors and scaffolds at the cell membrane, R b and S b , which stand for receptors and scaffolds in the bulk of the cell (cytoplasm), and the unspecified bulk molecule M b , which models removal of a receptor or scaffold molecule from the membrane via some mechanism that involves a temporary increase in the local crowding of the cell membrane. We use the convention that k l denotes the rate of removal from/insertion into the membrane per molecule, and all k l are therefore scaled by 1/ . We employ identical reaction kinetics and values of the dimensionless rate constants as in ref. [30] , which correspond to model C in ref. [31] and are consistent with experiments on glycine receptors and gephyrin scaffolds [5, 11, 17, 18] , with the time units set by the rate of receptor endocytosis k1 = b = 1/750 s −1 . In particular, we use the parameter values (m1, m2, β, µ) = b(0.4, 10, 0.5, 0.7) and (r,s) = (0.05, 0.05) [30, 31] , with the rightmost column in the table showing the connection between the notation used here and in refs. [30, 31] . (See refs. [30, 31] for further details.)
Chemical reactions
Stochastic lattice model, R
gephyrin for self-assembly of synaptic domains [21, [23] [24] [25] [26] [27] [28] [29] [30] are [5, 11, 17, 18, 30, 31] that glycine receptors diffuse rapidly compared to gephyrin, and that gephyrin can transiently bind glycine receptors as well as other gephyrin molecules. While the reaction schemes in table 1 include the reactions between glycine receptors and gephyrin suggested by experimental observations [5, 11, 17, 18] , only a few of these reactions [30, 31] , such as trimerization of gephyrin [21] , are essential for self-assembly of synaptic domains. We fixed the time units in our model by adjusting the rate of receptor endocytosis within the range of values estimated previously [30, 31] from experiments, which correspond to characteristic time scales ranging from seconds to hours [5, 11, 17] , to k 1 = 1/750 s −1 so that our model reproduces the scaffold recovery time measured in fluorescence recovery after photobleaching (FRAP) experiments [5, 11, 21] (see below).
Molecular crowding and the reaction dynamics at synaptic domains [5, 8, 9, 11, 17, 18, 22, 33 ] make eq. (1) with eqs. (2) and (3) highly nonlinear [30, 31] . Direct solution of eq. (1) with eqs. (2) and (3) is therefore only practical for special cases. KMC simulations [55] [56] [57] provide a numerical procedure for circumventing these mathematical challenges. We implemented KMC simulations of eq. (1) using Gillespie's "direct" method [55] and, unless indicated otherwise, employed random initial conditions of N satisfying 0 ≤ N r i +N s i ≤ 1 for all i. We set a ≈ 80 nm and = 1/100 so that [48, 49] the membrane patch size was smaller than the expected typical size of synaptic domains [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] but large enough to accommodate multiple receptors and scaffolds, with size ≈ 5-10 nm for glycine receptors and gephyrin [58, 59] . To check for robustness we repeated our simulations for = 1/200-1/20 and a = 50-100 nm, as well as for different L, and obtained similar results.
The mean-field equations describing receptor and scaffold reaction-diffusion dynamics can be derived [31, 53] from eq. (1) with eqs. (2) and (3), and are given by [30] 
with all parameters determined directly by eq. (1) with eqs. (2) and (3), where r(x, t) and s(x, t) are the deterministic continuum fields associated with N α , the receptor and scaffold diffusion coefficients ν α = a 2 / (2τ α ), and the polynomials F α (r, s) describe the mean-field reaction dynamics [55] [56] [57] . Table 1 summarizes the additive contributions to F α (r, s) implied by the standard formalism of chemical dynamics [40, 41, [55] [56] [57] for the reaction kinetics considered here [30, 31] . Unless indicated otherwise we use, consistent with experiments on glycine receptors and gephyrin scaffolds [5, 11, 17, 18, 21, 25, 30, 31] , the diffusion coefficients ν r = 10 2 ν s = 10 −2 µm 2 /s, with the corresponding hopping rates 1/τ α = 2ν α /a 2 in eq. (1). The nonlinear diffusion terms in eqs. (4) and (5) result [30, 31] from crowding of distinct protein species. Mathematically equivalent terms arise in population biology [39] [40] [41] and general models of non-Fickian diffusion [42, 43] . In line with experiments and large-scale computer simulations of crowded membranes [51, 52] , the nonlinear diffusion terms in eqs. (4) and (5) (4) and (5) with νr = νs = 0 vs. scaled timet = t/τ , with τ = 1.3 × 10 4 s and τ = 4.3 × 10 5 s for the stochastic and mean-field models, respectively. In (a,b), KMC simulations were averaged over 2 × 10 3 and 2 × 10 4 independent realizations, respectively. square displacement curves bearing signatures of anomalous diffusion.
Reaction and diffusion dynamics in crowded membranes. -Prior to studying the coupled reactiondiffusion dynamics at synaptic domains we consider here, in turn, reaction and diffusion processes in crowded membranes (see fig. 1 ). We first consider the diffusion-only case corresponding to eq. (1) with W react = 0 and eqs. (4) and (5) with F r = F s = 0 (see fig. 1(a) ). We find that the mean-field model of diffusion in crowded membranes in eqs. (4) and (5) [30, 31, [39] [40] [41] [42] [43] produces non-Gaussian concentration profiles that are in excellent agreement with the corresponding average receptor and scaffold concentration profiles obtained from the stochastic lattice model in eq. (1). Compared to Fickian diffusion, crowding yields less disperse molecule distributions, with scaffolds acting as an effective barrier to dispersal of the more rapidly diffusing receptors [8, 9, 11, 17, 18, 22, [25] [26] [27] [28] . In contrast, for the reaction-only case corresponding to eq. (1) with W diff = 0 and eqs. (4) and (5) with ν r = ν s = 0, the meanfield model in eqs. (4) and (5) fails to capture the temporal evolution as well as steady-state values of the average receptor and scaffold concentrations in eq. (1) (see fig. 1(b) ), with the predicted mean-field dynamics being approximately one order of magnitude slower than the average stochastic dynamics. We find that similar disagreement between the stochastic and mean-field reaction dynamics persists even if is decreased to values substantially smaller than relevant for synaptic domains [50] . Consistent with previous studies [48, 60] demonstrating breakdown of mean-field models of cellular reaction dynamics, our results therefore suggest that molecular noise plays a central role in the reaction dynamics at synaptic domains.
Collective fluctuations in synaptic domains. -The stochastic lattice model of receptor and scaffold reaction-diffusion dynamics in eq. (1) with eqs. (2) and (3) and the corresponding mean-field model in eqs. (4) and (5) both yield self-assembly of in-phase receptor and scaffold domains (see fig. 2(a) ) via [30, 31] a reaction-diffusion (Turing) instability [32] . For the reaction and diffusion processes considered here, which in 2D can yield [30, 31] synaptic domains of the characteristic area found in experiments [21, [23] [24] [25] [26] [27] [28] [29] [30] , eqs. (4) and (5) produce irregular but stable 1D patterns of synaptic domains with a characteristic wavelength ≈ 8.5 µm, in line with the linear stability analysis of eqs. (4) and (5) [30, 31] . Equation (1) yields a similar characteristic wavelength but produces substantial fluctuations in the size and location of synaptic domains, over a time scale ≈ 10 h. Consistent with the results on the reaction-only system in fig. 1(b) , we find that molecular noise accelerates synaptic domain formation by approximately one order of magnitude compared to mean-field dynamics [50] .
Scaffold concentration profiles across synaptic domains are less broad [30, 31] than receptor concentration profiles ( fig. 2(a) ). It is therefore convenient to define domain boundaries in terms of the scaffold density. We first apply a Savitzky-Golay filter [61] (order 5, frame size 25) to reduce small-scale fluctuations, and then detect domain boundaries using a thresholdN s on the scaffold occupancy of membrane patches. Increasing the value ofN s from zero, we obtain a local maximum of the average in-domain receptor and scaffold populations, as well as domain size, at aroundN s = 0.08 (see fig. 2(b) ), and thus useN s = 0.08 to specify domain boundaries ( fig. 2(a) ). We find that, while the reaction-diffusion mechanism of synaptic domain formation [30, 31] yields characteristic average indomain receptor and scaffold population numbers as well as domain sizes, the feedback between reaction-diffusion dynamics and molecular noise produces pronounced fluctuations in the in-domain receptor and scaffold population numbers ( fig. 2(b) ), over a time scale of hours. ular turnover in our stochastic lattice model [30, 31] we proceeded as in FRAP experiments [11, 21, 22] , and labeled all the receptors and scaffolds inside a synaptic domain at a given time. We then monitored the temporal evolution of the fraction of unlabeled receptors and scaffolds inside the synaptic domain (see fig. 3 ). Adjusting the rate of receptor endocytosis in our model within the range of values suggested by experiments [5, 11, 17, 30, 31] to k 1 = 1/750 s −1 (table 1) we find that, consistent with experiments [5, 11, 21] , ≈ 30% of scaffolds, but > 90% of receptors, are replaced within 4 min. Furthermore, our model yields a typical turnover time ≈ 7 min (≈ 54 min) for receptor (scaffold) populations. In agreement with ex- periments [5, 8, 9, 11, 17, 18, 22, 33] , we find that receptors initially localized in synaptic domains tend to leave synaptic domains via diffusion, while scaffolds typically stay localized within synaptic domains over their lifetime at the membrane (see fig. 3 (insets) ).
Single-molecule dynamics. -To quantify singlemolecule dynamics in our stochastic lattice model we follow the membrane trajectories of individual receptors and scaffolds inserted inside and outside synaptic domains (see fig. 4(a) ) and compute the distributions of lifetimes at the membrane for each molecule population (see fig. 4(b) ). Consistent with experiments [5, 11, 17, 18, 22, [25] [26] [27] [28] and the results in fig. 3 (insets) , we find that scaffolds inserted inside synaptic domains rarely leave the domain via diffusion, while receptors can readily diffuse into and out of synaptic domains. Receptors can diffuse over distances ≈ 4 µm in our simulations, while scaffolds are typically confined to membrane regions < 1 µm. We find that the average lifetime of receptors (scaffolds) inserted inside synaptic domains is approximately 60% (40%) longer than outside synaptic domains. Thus, the reaction-diffusion dynamics at synaptic domains can stabilize individual receptors and scaffolds at the membrane even if no stable molecular complexes are formed [21, 29, 62] .
The distributions of receptor and scaffold lifetimes in fig. 4(b) can be understood by noting that, based on experiments on glycine receptors and gephyrin scaffolds, the stochastic lattice model used here [30, 31] allows for two key reactions removing receptors and scaffolds from the membrane. On the one hand, endocytosis of receptors and scaffolds yields an exponential decay of receptor and scaffold numbers at the membrane with rate constants k 1 and k 6 , respectively (table 1). On the other hand, receptors and scaffolds may be removed from the membrane, with rate constants k 3 and k 8 (table 1), via binding of a bulk molecule or some other process that temporarily increases local crowding at the membrane. For membrane regions with an approximately homogeneous concentration of receptors and scaffolds, receptor and scaffold decay can then be approximated by a Poisson process with total effective rate k fig. 4 (b) inside and outside synaptic domains, with no fitting parameters ( fig. 4(b) ). The reaction and diffusion properties of synaptic receptors and scaffolds [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] thus provide a simple physical mechanism for spatially inhomogeneous receptor and scaffold lifetimes at the membrane, which is thought [38, 44, 45] to be a key feature of synaptic domains.
Conclusion. -While the synaptic apparatus constitutes an enormously complex molecular machinery [63, 64] , the reaction and diffusion properties of synaptic receptors and scaffolds are already sufficient [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] for the selfassembly of synaptic receptor domains. In common with other self-assembled biological structures, synaptic domains emerge in the presence of rapid stochastic turnover of their molecular components [11, 17, 18, [25] [26] [27] [28] . Based on the reaction and diffusion properties of synaptic receptors and scaffolds suggested by previous experiments and mean-field calculations [21, [23] [24] [25] [26] [27] [28] [29] [30] [31] , we find here that the stochastic reaction-diffusion dynamics of receptors and scaffolds provide a simple physical mechanism for collective fluctuations in synaptic domains [22, 33] , the molecular turnover observed at synaptic domains [5, 11, 21] , key features of the observed single-molecule trajectories [5, 11, 17, 18, 22, [25] [26] [27] [28] , and spatially inhomogeneous receptor and scaffold lifetimes at the membrane [38, 44, 45] . While we focused here on the conceptually and computationally most straightforward scenario of a 1D system, and showed that this 1D formulation already captures the basic phenomenology of the observed fluctuations at synaptic domains, a more detailed and quantitative model of the observed stochastic reaction-diffusion dynamics of synaptic receptors and scaffolds will necessitate a 2D formulation. Taken together, our results suggest that central aspects of the single-molecule and collective dynamics observed for membrane protein domains [1] [2] [3] [4] [5] can be understood in terms of stochastic reaction-diffusion processes at the cell membrane, bringing us closer to a quantitative understanding of the organizational principles linking the collective properties of biologically important supramolecular structures to the stochastic dynamics that rule their molecular components. * * * To check that our stochastic lattice model gives similar fluctuations at synaptic domains in 2D as in 1D, we repeated our KMC simulations for the 2D version of the reaction-diffusion dynamics described in the main text [1, 2] . We find that receptors and scaffolds self-assemble into domains with the size and molecule occupancies expected based on our 1D simulations (see fig. S1 ). Importantly, receptor-scaffold domains are still subject to substantial fluctuations in size and location in 2D, over spatial and temporal scales consistent with our 1D simulations. We repeated the KMC simulations in figs. 1(b) and 2 of the main text for different values of the normalization constant , to determine how our stochastic lattice model compares with the corresponding mean-field model as the maximum number of proteins per membrane patch is increased, i.e., is decreased. As discussed in the main text, the inverse of sets the maximum number of molecules that a membrane patch can accommodate. Note that the limit → 0 is expected to be of limited physical relevance for synaptic domains (as well as other membrane protein domains), because the patch size must necessarily be smaller than the expected size of synaptic domains which, together with the approximate size of glycine receptors and gephyrin, sets a lower limit on the value of , i.e., an upper limit on the number of receptor or scaffold molecules a membrane patch can accommodate. As discussed in the main text we set, for the calculations described in the main text, the values of and a to lie within the regime that is relevant for synaptic domains, based on the approximate size of glycine receptors and gephyrin.
In analogy to fig. 1(b) of the main text, fig. S2 compares averages over KMC simulations with the corresponding mean-field results for the reaction dynamics at synaptic domains, using = 1/300 and = 1/600 as well as the value = 1/100 corresponding to fig. 1(b) of the main text.
We find that, even for = 1/600, the mean-field model fails to capture the steady-state as well as the temporal evolution of the stochastic model, with the predicted mean-field dynamics being approximately one order of magnitude slower than the average stochastic dynamics. We also carried fig. 1(b) of the main text, via KMC simulations of the ME in eq. (1) of the main text with W diff = 0 using = 1/100, = 1/300, and = 1/600, and the mean-field model in eqs. (4) and (5) out KMC simulations of the reaction-diffusion dynamics for decreased values of . Again, in addition to the value = 1/100 used for fig. 2 of the main text, we consider = 1/300 and = 1/600 (see fig. S3 ). Although we find that fluctuations in the size and location of synaptic domains decrease somewhat with decreasing ( fig. S3 (upper panels) ), we still obtain substantial fluctuations in the in-domain receptor and scaffold populations ( fig. S3 (lower panels) ). Furthermore, we find that the timescale of domain formation in the stochastic system is comparable to our results in fig. 2(a) of the main text, and is consistent with the more rapid progression of the stochastic reaction dynamics, compared to the corresponding mean-field results, in fig. S2 . 
